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I .  

NASA T T  F * 1 2 , 7 9 1  

D I S T R I B U T I O N  OF ELECTRONS I N  THE F I E L D  OF A 
CHARGED SPHERE E M I T T I N G  ELECTRONS 

Ye.V .  Samuylev 

ABSTRACT: The d e n s i t y  of t he  e l e c t r o n  number i n  
the  f i e l d  o f  a smaZZ spherieaZ p a r t i o l e  is oalcu- 
Zated f o r  two cases:  (1) where t h e  number of 
e t e c t r o n s  is i n f . l n i t e ,  and (2) where t h e  number 
of e Z e o t r o n s  is f i n i t e .  

S p h e r i c a l  p a r t i c l e s  o f  s m a l l  r a d i u s  which t h e r m a l l y  e m i t  e l e c -  /3* - 
t r o n s  may e x i s t  i n  g a s e s  i n  t h e  form o f  a h i g h - t e m p e r a t u r e  a d m i x t u r e .  
A c a l c u l a t i o n  o f  t h e  c o n d u c t i v i t y  o f  such  d u s t  g a s e s  i s  o f  g r e a t  i n -  
t e r e s t .  The c o n d u c t i v i t y  can  b e  computed w i t h  an  unknown p o t e n t i a l  
f i e l d  c r e a t e d  by  t h e  p a r t i c l e  c h a r g e  and  t h e  e l e c t r o n s  and  p a r t i c l e s  
s u r r o u n d i n g  it Ell. 

We t a k e  as g i v e n  t h e  c h a r g e  o f  t h e  p a r t i c l e  Ze which  h a s  a ra-  
d i u s  R n ,  and t h e  d e n s i t y  o f  t h e  e l e c t r o n  number a t  i n f i n i t y  nem. We 
a l s o  assume t h a t  t h e  f i e l d  a round  a p a r t i c l e  i n  a s p h e r i c a l  volume 
e q u a l  t o  t h e  mean volume p e r  p a r t i c l e  i n  t h e  g a s  i s  d e t e r m i n e d  o n l y  
by  t h e  e l e c t r o n s  i n  t h i s  volume and  t h e  p a r t i c l e  c h a r g e .  The l a t t e r  
a s s u m p t i o n ,  o b v i o u s l y ,  Ps s a t i s f i e d  o n l y  w i t h  h i g h  p a r t i c l e  c h a r g e s  
and low d e n s i t i e s  of  t h e  p a r t i c l e  number.  

L e t  u s  examine t h e , c a s e  when t h e  mean f r e e  p a t h  l e n g t h  o f  t h e  
e l e c t r o n s  i s  s i g n i f i c a n t l y  g r e a t e r  t h a n  t h e  a c t i v i t y  r e g i o n  o f  t h e  
f i e l d  s u r r o u n d i n g  t h e  p a r ' t i c l e s  e 

The p o t e n t i a l  can  b e  c a l c u l a t e d  by  t h e  s e l f - c o n s i s i e n t  f i e l d  
method u s i n g  t h e  P o i s s o n  e q u a t i o n  

where U i s  t h e  s p h e r i c a l l y - s y m m e t r i c a l  p o t e n t i a l  and  n,  i s  t h e  den-  
s - i t y  o f  t h e  e l e c t r o n  number,  which  i s  a f u n c t i o n  o f  t h e  d i s t a n c e  P 
. t o  t h e  c e n t e r  o f  t h e  p a r t i c l e  and o f  t h e  p o t e n t i a l  U. 

T h i s  p a p e r  i s  d e v o t e d  t o  a c a l c u l a t i o n  o f  t h e  d e n s i t y  o f  t h e  
e l e c t r o n  number ne n e a r  t h e  p a r t i c l e .  L a t e r  we w i l l  show t h a t  ne 
may b e  computed i n  e x p l i c i t  form w i t h  an  unknown t y p e  o f  p o t e n t i a l .  
Our c a l c u l a t i o n s  w i l l  b e  made f o r  coulomb t y p e  p o t e n t i a l  

- - .  

(1) L e t  us now compute t h e  d e n s i t y  o f - t l i e  number of i n f i n i t e  

* N u m b e r s ' i n  t h e  m a r g i n  i n d i c a t e  p a g i n a t i o n  i n  t h e  f o r e i g n  t e x t ,  
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i n f  e l e c t r o n s  ne ; t o  do t h i s  w e  must know t h e  f u n c t i o n  o f  e l e c t r o n  d i s -  
t r i b u t i o n  by v e l o c i t y  i n  t h e ' r e g i o n  n e a r  t h e  p a r t i c l e  where t h i s  
f u n c t i o n  must s a t i s f y  t h e  k i n e t i c  e q u a t i o n  w i t h  a c o l l i s i o n  t e r m  
e q u a l  t o  z e r o .  We know t h a t  i n  t h i s  c a s e  t h e  d i s t r i b u t i o n  f u n c t i o n  
i s  an a r b i t r a r y  f u n c t i o n  o f  t h e  mot ion  i n t e g r a l s ;  i , e . ,  o f  t h e  t o t a l  
e n e r g y  and moment o f  momentum C23. The p r e c i s e  form o f  t h e  f u n c t i o n  
i s  d e t e r m i n e d  by t h e  boundary  c o n d i t i o n s .  The boundary  c o n d i t i o n s  
f o r  e l e c t r o n s  r e l a t i n g  t o  t h e  a c t i v i t y  s p h e r e  o f  t h e  p a r t i c l e  f i e l d  
from i n f i n i t y  i s  t h e  Maxwell d i s t r i b u t i o n  f u n c t i o n  

mu* 

( 3 )  m ' f r  -sRT, 
&if = new (m) e 9 

where IT, i s  t h e  e l e c t r o n  t e m p e r a t u r e  a t  i n f i n i t y ;  m i s  t h e  e l e c t r o n  
mass; k i s  t h e  Boltzmann c o n s t a n t ;  2) i s  t h e  e l e c t r o n  v e l o c i t y  a t  i n -  
f i n i t y ,  

I n  t h e  a c t i v i t y  r e g i o n  o f  t h e  f i e l d ,  t h e  e n e r g y  i n  t h e  exponen t  
o f  t h e  e x p o n e n t i a l  f u n c t i o n  i s  r e p l a c e d  by 

The v e l o c i t y  v e c t o r  o f  t h e  e l e c t r o n  V r e m a i n s  i n  one p l a n e  when t h e  
e l e c t r o n  i s  moving i n  t h e  p a r t i c l e  f i e l d .  E x p r e s s i n g  V i n  p o l a r  co- 
o r d i n a t e s  and  t a k i n g  (4) i n t o  a c c o u n t ,  we can p r e s e n t  ( 3 )  i n  t h e  
form 

-- -7 

(5) 

where V p  i s  t h e  r a d i a l  v e l o c i t y  component and U g  i s  t h e - t a n g e n t i a l  
v e l o c i t y  component;  t h e  o r i g i n  i s ' a t  t h e  p a r t i c l e  c e n t e r .  

F u n c t i o n  (5) i s  d i s t o r t e d  by  t h e  p r e s e n c e  o f  an a b s o r b i n g  s u r -  
f a c e  w i t h  r a d i u s '  R .  

I n  (5) t h e  i n f i n i t e  e l e c t r o n s  which r e a c h  t h i s  s u r f a c e  have  

vr<o. . * 

I 

The t o t a l  ene'rgy E o f  t h e  i n f i n i t e  e l e c t r o n s  s a t i s f i e s  t h e  c o n d i t i o n  
E 0 e q u i v a l e n t  t o  t h e  r e l a t i o n s h i p  

-- ---___ -.. ~ - 
mu; mu: 
_I + -> -'U(r). 

* 2  2 I 

F u n c t i o n  (5) a l s o  d e s c r i b e s  t h e  v e l o c i t y  d i s t r i b u t i o n  o f . t h e  
i n f i n i t e  e l e c t r o n s  which t r a v e l  f rom i n f i n i t y  y e t  d o  n o t  r e a c h  t h e  
p a r t i c l e  s u r f a c e .  For t h e s e  e l e c t r o n s ,  t h e  f o l l o w i n g  r e l a t i o n s h i p s  
h o l d :  

2 



The' i n f i n i t e  e l e c t r o n s ,  which a r e  formed due t o  t h e  t h e r m a l  
e m i s s i o n '  f rom t h e  s u r f a c e  o f  t h e  p a r t i c l e  a c c o r d i n g  t o  [SI, have  t h e  
f o l l o w i n g  d i s t r i b u t i o n  on t h e  p a r t i c l e  s u r f a c e :  

- .  . .  

where h i s  t h e  P lanck  c o n s t a n t ;  !PP i s  t h e  p a r t i c l e  t e m p e r a t u p e ;  Wa 
i s  t h e  work of  e l e c t r o n  e x i t  f rom t h e  p a r t i c l e ;  u i s  t h e  v e l o c i t y  
o f  t h e  e l e c t r o n  n e a r . t h e  s u r f a c e  o f  t h e  p a r t i c l e .  

U s u a l l y ,  Wa (3-4)kTp; t h e r e f o r e  (11) beoomes - /5 

. I  .. . . 

By c o n v e r t i n g  i n  ( 1 2 )  t o  v e l o c i t y .  V ,  w e  o b t a i n  

-, . -- .- 

F u n c t i o n  (13) descr i 'bes  t h e  v e l o c i t y  d i s t r i b u t i o n  o f  t h e  i n -  
f i n i t e  e l e c t r o n s  u n d e r  t h e  a o n d i t i o n s  

_ _  _--- -.- _- - 
Or > 09 

. . .  

With t h e  h e l p  o f  t h e  e x p r e s s i o n s  o b t a i n e d  f o r  t h e  d i s t r i b u t i o n  f u n c -  
t i o n  o f  t h e  i n f i n i t e  e l e c t r o n s ,  w e  can  compute by  i n t e g r a t i o n  t h e  
d e n s i t y  o f  t h e  number o f  i n f i n i t e  e l e c t r o n s  i n  t h e  v i c i n i t y  o f  t h e  
p a r t i c l e  

(17 
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. .  

When d e t e r m i n i n g  t h e  i n t e g r a t i o n  l i m i t s  i n  t h e  s e c o n d  and  t h i r d  i n -  
t e g r a l s  i n  e x p r e s s i o n  (171, c o n d i t i o n s  (10) and  ( 1 6 )  were t r a n s f o r m -  
e d .  A S  a r e s u l t ,  we f i n d  t h a t  

' 

where M i s  t h e  moment o f  momentum. 

The v a l u e  M = c o n s t  f o r  an  e l e c t r o n  i n  a p a r t i c l e  f i e l d  w i t h o u t  
c o l l i s i o n s .  Thus ,  f o r  example ,  i n s t e a d  of (101, u s i n g  r e l a t i o n s h i p s  
(18) and  (19) we o b t a i n '  

Us ing  (18) we f i n d  t h a t  
-..__ - - - -  - _ _  - 

mu: > w ( f )  - w (R). r' \ 

By i n t e g r a t i n g  (17) w e  ob ' ta in  

I ' ' .  : '. 
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.. ,. . . . . . .. .. . - ~. . 

The e x p r e s s i o n  i n  t h e  f i r s t  s e t  o f  f i g u r e d  b r a c k e t s  o f  ( 2 2 )  and  
t h e  f a c t o r  nem a r e  o b t a i n e d  as a r e s u l t  o f  comput ing  t h e  f i r s t  two 
i n t e g r a l s  o f  (17). All t h e  r e m a i n i n g  t e r m s  on t h e  r i g h t - h a n d  s i d e  
o f  ( 2 2 )  a r e  o b t a i n e d  by  comput ing  t h e  l a s t  i n t e g r a l  i n  (17). I n  
( 2 2 ) ,  t h e  v a l u e  @(x) i s  a p r o b a b i l i t y  i n t e g r a l .  

( 2 )  L e t  u s  t u r n  now t o  c a l c u l a t i o n  of  t h e  d e n s i t y  of  t h e  num- 
b e r  of  f i n i t e  e l e c t r o n s .  Near  t h e  p a r t i c l e s  which e m i t  t h e  e l e c -  
t r o n s  t h e r e  a r e  o n l y  two p o s s i b l e  t y p e s  o f  f i n i t e  e l e c t r o n s .  The 
o r b i t s  o f  o n e  t y p e  o f  e l e c t r o n  i n t e r s e c t  t h e  p a r t i c l e  s u r f a c e ;  t h e  
o r b i t s - o f  t h e  s e c o n d  t y p e  do n o t  i n t e r s e c t  i t .  E l e c t r o n s  w i t h  or- 
b i t s  o f  t h e  f i r s t  t y p e  a r e  t h o s e  e l e c t r o n s  which  a re  e m i t t e d  t h e r -  
m a l l y  by a p a r t i c l e  and  whose t o t a l  e n e r g y  i s  E 2 0 .  

The d i s t r i b u t i o n  f u n c t i o n  of s u c h  e l e c t r o n s  c o i n c i d e s  w i t h  ( 1 3 1 ,  
b u t  we s h o u l d  h e r e  assume t h a t  E 0 .  

F i n i t e  e l e c t r o n s  o f  t h e  s e c o n d  t y p e  c a n  b e  formed as a r e s u l t  
o f  i n f r e q u e n t  c o l l i s i o n s  o f  i n f i n i t e  e l e c t r o n s  and  f i n i t e  e l e c t r o n s ,  
h a v i n g  o r b i t s  p a s s i n g '  t h r o u g h  t h e  p a r t i c l e ,  w i t h  neutral atoms of 
t h e  gas or with o t h e r  e l e c t r o n a .  I n  aollisions w i t h  eLeatFons9 the 
m a j o r  p r o c e s s  o f  e l e c t r o n  t r a n s f e r  t o  f i n i t e  o r b i t s  which do n o t  
p a s s  t h r o u g h  t h e  p a r t i c l e  i s  t h e  p r o c e s s  o f  e l e c t r o n  d e c e l e r a t i o n  
due t o  d i s t a n t  i n t e r a c t i o n s .  

For e a c h  v a l u e  E < '  0 ,  t h e  boundary  d i s t r i b u t i o n  f u n c t i o n  f o r  
f i n i t e  e l e c t r o n s  w i t h  o r b i t s  which  do n o t  p a s s  t h r o u g h  t h e  p a r t i c l e  
i s  d i s t r i b u t i o n  f u n c t i o n  ( 1 3 )  w i t h  E < 0 .  When E = 0 t h e r e  a re  t w o  
boundary  f u n c t i o n s ,  ( 5 )  and ( 1 3 ) , , f o r  t h e  d i s t r i b u t i o n  f u n c t i o n ,  I t  
i s  o b v i o u s  t h a t  when E = 0 t h e  d i s t r i b u t i o n  f u n c t i o n  w i l l  b e  

For sma l l  d e v i a t i o n s  from E = 0 (when E < 0 )  t h e  d i s t r i b u t i o n  
f u n c t i o n  w i l l  b e  a c o m b i n a t i o n  o f  ( 1 3 )  and  a c e r t a i n  f u n c t i o n  f o o  / 7  
whose r o l e  i n c r e a s e s  as t h e  d e v i a t i o n  o f  t h e  e n e r g y  f rom z e r o  i n -  
c r e a s e s .  

S u b s e q u e n t l y ,  w e  w i l l  i g n o r e  t h e  smal l  r e g i o n  i n  which  t h e  d i s -  
t r i b u t i o n  f u n c t i o n  i s  a c o m b i n a t i o n  o f  ( 5 )  and  ( 1 3 )  a s suming  t h a t  
t h e  d i s t r i b u t i o n  f u n c t i o n  o f  f i n i t e  e l e c t r o n s  whose o r b i t s  p a s s ,  
t h r o u g h  a p a r t i c l e  h a s  t h e  form of  ( 1 3 )  when E 0.  

Now it i s  e a s y  t o  compute t h e  d e n s i t y  of t h e  number o f  f i n i t e  
e l e c t r o n s  

5 
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From (24) we f i n d  t h a t  

From (22) and (25) w e  o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n  for t h e  den- 
s i t y  o f  t h e  e l e c t r o n  number i n  t h e  f i e l d  o f  a p o s i t i v e l y - c h a r g e d  
e m i t t i n g  s p h e r e :  
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